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Abstract. In this paper we introduce the notion of contact angle. We 
deduce formulas for Laplacian and Gaussian curvature of a minimal 
surface in g^n+i ^^^^ g^^^ ^ characterization of the generalized Clifford 
Torus as the only non-legendrian minimal surface in with constant 
Contact and Kahler angles. 



1. Introduction 

The Kahler angle was introduced by Chern and Wolfson in [2] and [10] 
and it is the most fundamental invariant for minimal surfaces in complex 
manifolds. Using the technique of moving frames Wolfson obtained equa- 
tions for the Laplacian and Gaussian curvature for an immersed minimal 
surface in CP". 

Later, Kenmotsu in [6], Ohnita in [8] and Ogata in [9] classified minimal 
surfaces with constant Gaussian curvature and constant Kahler angle. 

A few years ago, Zhenqui in [11] gave a counterexample for the Bolton's 
conjecture, in [1], that says that a minimal immersion (non-holomorphic, 
non anti-holomorphic, non totally real) of two-sphere in CP"' with constant 
Kahler angle have constant Gaussian curvature. 

In [7] we introduced the contact angle and it has can be consider a new 
geometric invariant in order to investigate immersed surfaces in . Geomet- 
rically, the contact angle is the complementary angle between the contact 
distribution and the tangent space of the surface. Also in [7], we deduced 
Gaussian curvature and Laplacian formulae for an immersed minimal surface 
in and gave a characterization of the Clifford Torus as the only minimal 
surface in with constant Contact angle. 

In this work, a corresponding statement to Bolton's conjecture (see [1]) 
for an odd dimmensional sphere has been proved. We deduce Gaussian 
curvature and Laplacian formulae for an immersed minimal surface in 5^""*"^: 



K = -sec2/3|V/3|2-tan/3A/3-2cosQ(l + 2tan2/3)/3i 
+2 tan P sin aai — 4 tan^ /3 cos^ a 



2 RODRIGO RISTOW MONTES AND JOSE A. VERDERESI 

tan/?A/? = -1 -tan2/3(|V/?p + 4cosa/3i) + 2tan/3 sin aai 
-cos^a(4tan2/?- 1) + (1 + sin^ + 

2n 

+ E(^11^22-(/i^2)') 
A=3 

Using Gaussian curvature, we characterize the ChfFord Torus in S^: 

Theorem 1 The Clifford Torus is the only non-legendrian minimal 
surface in with constant Contact and Kahler angles. 

When the Kahler angle is null, we have an interesting characterization of 
the Clifford Torus without suppose that the Contact angle is constant: 

Theorem 2 The Clifford Torus is the only non-legendrian minimal 
surface in with Contact angle < /3 < ^ and null Kahler angle. 

2. Preliminaries 
Consider in C"^^^ the Hermitian product: 

n 

{z, w) = z-'iv^ 

j=0 

The inner product is given by: 

{z, w) = Re{z, w) 

The unitary sphere 

g2n+l ^ 1^ ^ C"+1|(Z,Z) = 1} 

The Reeb field in 52"^+! ig given by: 

^{z) = iz 

The usual contact distribution in ^^n+i jg orthogonal to ^: 

A, = {veT,S''^+'\{^,v) = 0} 
A is invariant by the complex structure of 0"+^. 

A unitary frame (/o, /i, fn) of C""*"^ induces an adapted frame of S'^""''^, 
where /g = z is the position vector in 5'^""'"^ and (/i, /„) is the complex 
basis of A. 

Structure equations of U(n + 1), dfj = tpjfk where V'j + "0^ = 0, can be 
interpreted as a mobile frame in ^^n+i 

dz = i;'ofi + - + i^ofn + 0^ 
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where 6 = —iipQ is a real form. 

{ip(),0) constitute a coframe in S'^n+i unitary in A. 
Taking: 

we obtain a coframe (tt^^)A=i,...,2n+i- 

(ipj) forms satisfy structure equations of U(n): 

+ VrAv:; = 



(1) 



k 
"j 

Taking j = in (1), we obtain that: 

^^2n+i _ 2u;JAu;^+" = 
Therefore Riemannian conexion forms satisfy: 



(2) 



j j+n 
j+n 1 



(3) 



For j = 1, ...,n the equation ( 2 ) gives second structure equations: 

d'u^k + Er=I^WAu;^ = vP Aw'' 

dwf+^ + Er=l^ -fi^r"^^ /\ = w'^''^^ AW^ 

Therefore we conclude that curvature forms of S'^n+i ^^q. 

O*- = A 

Note that in this adapted frame conexion forms of maximum degree 
and are: 

<r = 

3. Contact Angle for Immersed Surfaces in S'^w+i 

Consider S an immersed surface in 5^""'"''^. 
The contact angle (3 is the complementary angle between the contact dis- 
tribution A and the tangent space TS of the surface. 
Consider (ei, 62) a local frame of TS, where ei G TS PI A. Then: 

cos/3 = (^,62) 

Let V the projection of unitary vector field 62 in A: 

62 = sin Pv + cos 
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We define a as the angle given by: 

cos a = {iei,v) 

The angle a is the corresponding to the Kahler angle and it was introduced 
by Chern and Wolfson in [2]. 

Consider (fj) an adapted frame to the distribution A. 
The (fj) is given by: 

f ei—iv 

/I ~ 2 cos f 

f ei+iv 

~ 2sinf 

/, G A 

/2n+l = C 



Therefore (61,62) can be written, as: 

a . a 
61 = cos -/i + sm -/2 



o ct 
62 = sin /3(cos -fn+i - sin -fn+2) + cos 



Consider normal vector fields: 

e„+i = sin f/i -cos 1/2 

(4) 



e„+2 = sin f /n+i + cos f /n+2 



e2n+i = - cos/3(cos f /n+1 - sin f /„+2) + sin/?^ 
6a = /a; 3<A<n , n + 3<A<2n 

where (6A)A=i,...,2n+i constitute a Darboux frame of S. 

Let (w-^), (^•') respective coframcs of {fj) and (6j). 
When we restrict to 5, we obtain: 

= cos 

ViP' = sin f 

^n+i _ COS I sin , , 

^n+2 ^ -sinfsin/?02 (5J 

y^2n+l ^ COS 06'^ 



w 



^ = 3<A<n,n + 3<A<2n 



4. Equations for curvature and Laplacian of a minimal surface 

IN 

Consider D the covariant derivative of Riemannian metric in S'^"'^^. 
Then: 

Dfj = w^fk 

where (wj) satisfy (3). 

Consider conexion forms (0^) associate to the Darboux frame (ej). Then: 

Dej = e^ek 



CONTACT ANGLE FOR IMMERSED SURFACES IN 52n+i 



5 



Second fundamental forms in this frame are given by: 



+ 




+ 




+ 




+ 





TTn+2 _ an+'^ai 

^ Q2n+lQl ^ g2n+l02 l^J 



11^ = e^0^ 

Using formulae (4) and (5), we deduce: 

al da , „,,2 

^2^1 = sin/3(^tt;^+^-sin2fu;;'+2-cos2fii;^+i + ^ii;^+2) 

di+2 = "T^+l + f <+l + C0S2 f + '^<+2 

91^, = sin/?(f^-<+2) 

= - COS /3(cos2 f<^, + - ^<^2 - sin2 ^w^^,) 

- cosQ;sin2(/3)02 



^2n+i = + cos(a)0^ 

Minimallity and symmetry conditions are: 



e^AO^ + e^Ae^ = o 

e^A9^-9^A9'^ = 



(7) 



From (7), we obtain: 



3l _ da , „„2 



■'n+l ~ 2 i" ^1 

- +w'ioJ 



91+2 = sin/3(-*f^-«;2o J) 

?2^2 = sin/3(f + «;2) 

= — d/3 o J + cos a02 

'2„_,_i = d/? + cosa6'^ 



(8) 



where the complex structure J of 5 is given by Jei = 62 and Je2 = — ei. 
Gauss equation is: 

d9l + 9lA9^ = 9^ A 9^ (9) 

We define: 

9^ = h%9^ (10) 
Then using (8), (9) and (10), we obtain that: 



K = 1- |V(/3)|2 -2/3icosa-cos2a 

To 
4 



(1 + sin2 /3)(^^ + wl{ei)ai + wl{e2)a2 + iVwjf) 



2n 

+ J2(^'nh^^-{h'i2f) (11) 

A=3 
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Or, to be equivalent to: 

K= 1 - |V/3 + cos aeip - (1 + sin^ (3)\'^ + wl\^ 

2n 



+ E(^11^22-(^^2)') (12) 



A=3 



Taking the differential of (^^, ^^), we have: 



de' - sin/3[cos2ftt;^+l + ^(u;^+l-i(;?^+2) 



sin2 f A ^2 ^ 



de"^ + sin/3[cos2fTf;^+i + ^K+^-<+^)-sin2fu;^+2 
- cos/?cosa6'^] A6'^ = 

Therefore: 

e\ = -Sin/^[C0S2 fiw^'+l + - _ ^^^2 a^n+2 _ cos^ScOStt^^] 

Using the symmetry and minimalitty and the complex structure of 5", we 
obtain that: 

9l = tan(3{d(3oJ -2cosae^) (13) 
Computing the differential of (13), we can get: 

del = (-sec2/3|V/?|2 -tan(/3)A(/?) -2cosa/3i(l + 2tan2/3) 

+2tan/3sinaai - 4tan^ /3 cos^ aje*^ A 6^ (14) 

where A/3 = trVdp. 

Therefore the Gaussian curvature is: 



K= - sec^ /?| V/3p - tan /?A(/3) - 2 cos a/3i (1 + 2 tan^ /?)+ 
+2 tan /3 sin aai — 4 tan^ /? cos^ a 



Jointing (11) and (15), we obtain a new Laplacian equation: 

tan/3A(/3) = -1 - tan^ /3(|V/?p + 4cosa/3i) + 2tan/3sinQ;ai 
- cos^ a(4tan2 /3 - 1) + (1 + sin^ + wjf 

2n 



+ Y.(h'iM2 - {h'u?) (16) 



A=3 



5. Minimal Surfaces in 5^ 

In this section, we compute Contact angle for examples of minimal torus 
given by Kenmotsu, in [5]. 
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5.1. Contact Angle of Legendrian Minimal Torus. 

Consider the torus in defined by: 

3 3_1_1_1 

T = {{zi,Z2,Z3) G C \ziZi = ■^,Z2Z2 = 35 ^3^3 = 3} 

We consider the immersion: 

o 

Then the hne vector fields are: 

ei = :^i(e^«i,0,-e-^("i+"2)) 

Vo 2 2 
The normal vector field is: 

The Contact angle is : 

cos/3 = (62,0 

= 

Therefore, 

/3 = f 

5.2. Contact Angle of Generalized Clifford Torus. 

Consider the torus in defined by: 

= {{zi,Z2, Z3) G C^\ziZi = ^, 22^2 = ^, Z3Z3 = ^} 
We consider the immersion: 

/(^l,U2) = ^(e-^e-^e^("^-«l)) 
Then the hne vector fields are: 



ei = i^(e*"SO,-e*("^-"i)) 

62 = i^(le™i,e^"2,-6^("2-"i)) 
V 3 2 2 

The normal vector field is: 
The Contact angle is : 

cos/3 = (62,0 
_ 2^/2 
3 



8 

Therefore, 
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P = arc cos(^) 



5.3. Contact Angle of Clifford Torus. 

Consider the torus in defined by: 

= {(^1,^2,0) G C^\Z1Z1 = ^,Z2Z2 = ^} 

We consider the immersion: 

/(«l,n2) = ^(e-^e-^0) 

Then the fine vector fields are: 

ei = ^^(e^«^-e»^0) 
62 = ^^(e-^e-^0) 

The normal vector field is: 



The Contact angle is : 



Therefore, 



cos/3 = (62,0 
= 1 



/? = 



6. Main Results 

6.1. Proof of the Theorem 1. 

Suppose that a and /? are constants, then equation (15 ) reduces to: 

K= -4tan2/3cos2a (17) 

As the line field determined by ei is globally defined, we have therefore that 
S is parallelizable and by equation (17) Gaussian curvature is constant. 
Therefore, using Gauss-Bonnet theorem, we have that Gaussian curvature 
of S is null everywhere. 

Using the work of Kenmotsu, in [4], we have that S is the generalized Clifford 
Torus in S^. q.e.d. 
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6.2. Proof of the Theorem 2. 

When the surface is immersed in S^, equation (12) is : 

K = 1 - |V/3 + cosaeip - (1 + sin^ + w;2|2 (is) 

In equation (16) is given by : 

tan/3A{P) = -1 - tan^ /3(|V/3|^ + 4cosa/3i) + 2tan^sinaai 



-cos^Q(4tan2/3- 1) + (1 + sin2/3)|^ + wj 



(19) 



Suppose that a = 0, then the adapted frame {fj) is given by: 

/i = ei 

/s = iei 

{f2,U) e A 

h = C 

Therefore (61,62) can be written, as: 

ei = /i 

62 = sin/3/3 + cos/?^ 

Normal vector fields are: 

63 = /2 

64 = /4 (20) 

65 = -cos^/3 + sin/3^ 

Restrict to 5, we obtain: 

= 

= 

= sin (39"^ (21) 
u;^ = 
u;^ = cos /36'2 

Taking the differential of 61, we obtain: 

Dei = Dh 

= (sin Pwf + '-^6^)62 - 63 + wfe4 + (- cos pwf + sin^ pe^)e5 

(22) 

Therefore: 

?f = sin + 

(23) 



= -Wi 

ef = wf 

el = - cos + sin^ 
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Taking the differential of 62, we obtain: 

De2 = cos pdPfs - sin pdPh + sin pDf^ + cos /?L>/5 

= Wlf2 + wlh + wfh+wlf5 

= (sin Pwl - ^-^e^)ei - sin Pwfes + sin/3u;f 64 - {dp + 6^)65 

(24) 



Therefore: 



1 - sinPwl-'^e^ 



Ql = -sin/3u;f 
62 = sin Pwl 



A _ „,.«„„2 (25) 



(27) 



J5 = -(d/3 + ^1) 

Equivalently to minimalhty and symmetry conditions, we have: 

9foj = el 
efoj = el 

Substituing (23) and (25) at the equations (26), we obtain: 

w\o J = sin [5w\ 
w\o J = sin Pwf 

Therefore: 

{1 - siii^ (3)wl o J = (28) 

The surface S is non-legendrian, we conclude that wf = 0. Then the equa- 
tion (19 ) reduces to: 

A(/3) = -tan(/3)|V/3 + 2ei|2 (29) 

Suppose that < /3 < ^, then using Hopf 's lemma we obtain that (3 is 
constant and using equation (18), we obtain that K=0, and therefore S is the 
Clifford torus. q.e.d. 
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